For a sequence of certain discrete map we show that there exists a Hamiltonian flow in which the initial value of the map plays the role of time variable. The Hénon map and the discrete KdV map are presented as nonintegrable and integrable examples, respectively.
Introduction
Let q be a set of variables either real or complex, and f (q) a differentiable function. For a given f we can consider a sequence of the map q → f (q) → f (2) (q) = f (f (q)) → · · · → f (n) (q).
We call this sequence a dynamical system generated by f and denote by q j the value of q 0 = q after j times of the map q j = f (j) (q 0 ).
We encounter such systems in various occasion in mathematics, physics and in the obtains a non-integrable discrete system almost every time. It is, therefore, remarkable that there exists a certain way of discretization of an integrable differential equation which preserves integrability. An interesting question is thus how one can characterize a map, which generates an integrable sequence, from others. This problem is nothing but a discrete analogue of Painlevé property, well studied in the case of 2nd order differential equations. There exists, however, no definite criterion in the case of discrete sequence of maps [1] .
Instead of looking at an orbit of a map in detail there is another way to see behaviour of discrete maps. It is developed in the study of complex dynamical systems in order to see global property of the map [2] . In this method the complex plane of initial values of the map is investigated. A set of initial values is said to belong to a filled-in Julia set if forward maps do not diverge. The boundary of them is called a Julia set. When the initial value belongs to the Julia set the behaviour of orbit is so sensitive to the initial value that there is no way to predict the behaviour.
Although this approach enables us to see a correspondence, mostly by using computers, between a set of initial values and points to which their maps converge, all local information of the map are lost. Nevertheless this provides a hint to analyze the map from a new direction. Namely one can ask whether exists a way to predict initial value dependence of the map.
When an initial value is fixed, the map (1) determines a value of q n after n steps.
From this information, however, it is not obvious if one can predict the value of q n for other initial values. It will be desirable if there is a systematic method to analyze the initial value dependence of q n for a given map.
The purpose of this article is to attempt to answer to this question. We show that, for a sequence of certain discrete map, there exists a Hamiltonian flow in which the initial value of the map plays the role of time variable. If the map is given, the Hamiltonian is uniquely determined from their information. The necessary and sufficient conditions for this to hold are that the map is differentiable and has its inverse. The Hamiltonian will turn out to be extremely simple in the case of area preserving map.
In order to support our claim in this paper we present some examples, the Hénon map, the discrete KdV equation [3] , and also the case of q-deformed Painlevé IV map (q-P V I ) [4] . The Hénon map is an example of area preserving map in the phase space, but not integrable. The discrete KdV is an example which is known completely integrable.
In particular we study 3-point KdV map which is a map of three variables. Since this map has conserved quantities, we can eliminate one of the three variables, so that the map becomes two dimensional. We will find that an area in this space is not preserved under the map. The q-Painlevé IV is a discrete analogue of the symmetric Painlevé IV equation. The continuous Painlevé IV is a well known integrable equation but has no constant of motion. We will show, in the discrete case, that there exists a quantity which remains constant under the map. This constant enables us to study the Hamiltonian flow of this system. The corresponding Hamiltonian turns out to be the same form as one of the discrete KdV map.
Our consideration of this paper is motivated by the observation found by one of the authors (A.S.) during the study of quantized Hénon map to which the exact WKB method is applied [5] . The exact WKB analysis of quantized Hénon map is just to examine the Stokes geometry of quantum propagator which is represented by a multiple integral. However, since the higher dimensional exact WKB method is mainly developed for differential equations [6] , so one has to map the problem to that of the differential equation. In order to deal with the Stokes geometry of higher order differential equations, it is essential to consider the bicharacteristic equation induced by the Borel transform of differential equation under consideration [6] . A prototype of Hamiltonian formalism, which is indeed generalized in the paper, appears as a bicharacteristic equation in which the initial value of the original Hénon map plays a role of the time variable.
We show how to derive a Hamltonian for a given map in two dimensional and one dimensional cases in the next section. Three examples are presented in §3. The last section is devoted to a discussion.
Derivation of Hamiltonian

Two dimensional map
Let us consider a sequence of differentiable map
and assume that it has an inverse
A small change of initial values (x 1 , y 1 ) causes a continuous variation of the values of (x n , y n ). They are related via
or conversely
We like to see a responce of (x n , y n ) under a change of (x 1 , y 1 ). To be specific we consider the case in which y 1 is fixed and x 1 is changed. We introduce notations
and also
for the transformation matrices. Then from (4) the variations of (X, P ) are given by
We can prove the following:
Let H be a function of (X, P ) given by
and satisfies ∂H ∂x 1 = 0.
Then the set of Hamilton's equations
hold.
Note that the initial value x 1 plays the role of time vairable of this system. The proof is simple and straight forward. An operation of (5) to H yields
If we impose a condition to H to satisfȳ
and compare with (6), the Hamilton equations (8) follow. To solve (10) for H, we multiply
from the left and obtain
Therefore (7) is obtained. (q.e.d.)
One dimensional map
We could consider a simpler case of the map, i.e., a sequence of one dimensional differentiable map:
and its inverse q j → q j−1 . This, however, does not correspond to any interesting system as far as the map is determined by a single neighbour.
An interesting map is obtained if a change of q j is determined by the change of two neighbours. To be specific let us consider a map defined by
with some differentiable functions α and β. We assume β is invertible, so that the inverse map of (11) exists:
Writing them in derivative forms they are
where we have put ∂ j := ∂/∂q j and
Since q −1 and q n+2 are not variables, we assume
By iteration of (13) we can see a responce of q k under the variation of previous variables, say (q j−1 , q j−2 ):
where
Similarly from (14) we obtain
We note that (15) showsā j = a j c j = a j /b j . Hence A andĀ are related bȳ
We want to find a responce of (q n−1 , q n ) when the initial value q 1 is changed. We define (q, p), instead of q n (q 1 ) and q n−1 (q 1 ), as dynamical variables which satisfy
and
We mention that, by the definition of the map (11), q n+1 is not a dynamical variable.
Proposition 2
Let H be a function of (q, p) which is given by
Then Hamilton's equations dq dq 1 = ∂H ∂p , dp
To prove this we consider two cases
of (16), and apply to q and p, respectively, to obtain
Similarly we apply
, which are obtained from (17), to H and obtain
Let us derive the first equation of (22) from (25) and (30). In fact the right hand side of (30) can be written, using (21), (18) and (25) as
whereas the left hand side is lhs of (30) = ∂ n−1 p ∂H ∂p , from which we obtain the first equation of (22). The second equation of (22) (26) hence the second equation of (22) is proved. (q.e.d.)
Examples
Hénon map
The Hénon map is given by
Since det J = 1, we have simply H = y 1 + const. In the cases of small n, it is given by n = 2 :
It is known that a one dimensional map equivalent with (31) can be also generated by the action
The equation of motion is
Comparing with (11) we find
hence
If we specify a solution of (20) for p, so that the canonical pair is given by
the Hamiltonian (21) turns out to be
We recall that q n+1 in (34) is not a dynamical variable but a parameter, which we denote as q n+1 = a. The equation (11) enables us to express H in terms of q n . For instance n = 2 :
where we have put c = 0.
The correspondence between the two sequences (31) and (33) of the Hénon map is established if we relate the variables by (X, P ) = (q + 1, p + a + 1).
The generating function of this transformation is
Before showing other examples, we like to mention a small change of our choice of canonical variables from those of ref. [5] . In the latter the canonical pair of variables is chosen as
while the Hamiltonian is given by
These two variables are related by the canonical transformation generated by the following function:
3-point Korteweg-de Vries map
The previous example is a map which is known nonintegrable. We consider, in this subsection, a complete integrable map, i.e., the discrete KdV equation:
It is a generalization of the Korteweg-de Vries equation to discrete time j and discrete space n [3] . To be specific we restrict our argument to three point KdV map (x 1,j , x 2,j , x 3,j ) = (x j , y j , z j ) with the periodic boundary conditions x n,j = x n+3,j . Then the equations become
This map is known completely integrable in the sense that there are two constans of the map, which we denote by u and v :
Solving (36) for time evolution, we get two solutions. One is the map given by
This type of the map is peculiar only in a discrete map. The same situation has been observed in the study of integrable Lotka-Volterra system [7] and has no correspondence in the continuous time limit.
The other map is given by
which we are going to study in what follows.
First we note that the map (38) has two independent constants of map which we denote by r and s :
The previous constants u and v can be fixed if r and s are fixed. Using these constants we can reduce the number of independent variables. For instance, by using r we can eliminate z j from the map and write (38) as
which is the map of the form of (2) and (3). Therefore the result of the proposition 1 in the previous section is applicable to this problem.
This information of the map enables us to calculate the transformation matrices
Note that there is a symmetry between J andJ:
In order to find the Hamiltonian associated with this map, we need the Jacobian of the map. It is given by
We can further simplify this expression if we recover z j and use (38):
The Jacobian det J 1,n in the Hamiltonian is given by
The substitution of (41) into (43) yields
The Hamiltonian itself is obtained from (7) . The explicit appearance of x 1 might seem to contradict with the condition ∂H/∂x 1 = 0. It must be eliminated from the expression by replacing x 1 by x 1 (x n , y n ) after solving (40) for x 1 in terms of the dynamical variables (x n , y n ) = (X, P ). Since y 1 is an independent parameter, it is not included in x 1 (X, P ).
This is also apparent from the expression of (3) or (40). Therefore the integration over y 1 in (7) is performed explicitly. After solving (40) for y 1 in terms of x n , y n one obtains
This is the Hamiltonian for the 3-point KdV map.
q-deformed Painlevé IV map
The last example is the q-deformed Painlevé IV map. The continuous version of this map is known as the Painlevé IV equation (P IV ). It is completely integrable although there is no conserved quantity. A q-deformation of P IV has been introduced recently and discussed from the view point of its symmetry [4] . This symmetry generates Bäcklund transformations and enables one to obtain some of special solutions. Nevertheless the integrability of the map itself is not yet obvious.
The map we consider is given by
Here a, b, c are some constants.
This map is three dimensional. There is, however, a constant which does not change its value under the map and enables us to reduce the degree of freedom to two. In fact it is straight forward to see that the quantity
is a constant of the map. Substituting z j = rq 2j /x j y j , we can write (46) as
The transformation matrices are now calculated as
In spite of the above complicated expression of J j,j+1 , the determinant is rather simple.
After some calculation we find
If we use r = q −2j x j y j z j to recover z j and also use the explicit expression of the map (46), this is further simplified to
3-point discrete KdV map (42). Therefore the Hamiltonian is also given by the same expression as (45):
This is an interesting result since we have not assumed any relation between these two maps. Needless to say the dependence of x 1 and y 1 for the Painlevé IV map on the dynamical variables X, P are different from the dependence for the KdV map.
If we have chosen the parameters such that a = b = c = 1 or a = b = c = −1, there exists another constant of the map
and hence the map becomes completely integrable. They are nothing but special cases of the 3-point Lotka-Volterra map discussed in [7] . Otherwise the map is called q-deformed
Discussion
We have shown that there exists a Hamiltonian flow associated with a sequence of map generated by a certain class of functions. The flow evolves according to the change of the initial value of the map.
To see the behaviour of the final state as a function of initial values corresponds to parameterize the Lagrangian manifold in phase space by initial conditions. In the case of one dimensional dynamical systems, for instance, the function associated with the map, such as the function F (x) = ax(1 − x) of the logistic map, can be regarded as the Lagrangian manifold. If the map is two dimensional the set of points, which evolve starting from arbitrary set of initial values, form a Lagrangian manifold.
The Lagrangian manifold of a two dimensional map which generates chaos, just like the case of the Hénon map, undergoes stretching and folding via horseshoe mechanism and creates chaos. Therefore the existence of stretching and folding of the Lagrangian manifold in the course of time evolution is closely related with the generation of chaos.
The folding points of the Lagrangian manifold charactertize stretchings and foldings.
In the case of one dimensional map the folding points are critical points. The trajectory of the critical points play important roles in a description of topology, as it was applied in the Milnor-Thurston kneading theory [8] . On the other hand one can not define a critical point in the case of two dimensional isomorphic map, since it has its own inverse, like the Hénon map. There exist, however, turning points (or caustics) on the Lagrangian manifold, which should play similar role as critical points. Here a turning point on the Lagrangian manifold is a point which satisfies, for instance, dq/dq 1 = 0 or dp/dq 1 = 0.
Such a point has a meaning of stationaly point when the trajectry is projected to some components of Hamiltonian vector fields.
The existence of turning points is not sufficient at all to specify the existence of chaos, but is a necessary condition of nonintegrability. Conversely the non-existence of turning point is a sufficient condition for chaos not to exist, although it is far to be a sufficient condition for the system being integrable. From this view point it will be useful to study turning points of our Hamiltonian system in order to get some hints of finding a condition which separates integrable and non-integrable maps.
